We theoretically and experimentally characterize the performance of the pairwise correlations from triple quantum correlated beams based on the cascaded four-wave mixing (FWM) processes. The pairwise correlations between any two of the beams are theoretically calculated and experimentally measured. The experimental and theoretical results are in good agreement. We find that two of the three pairwise correlations can be in the quantum regime. The other pairwise correlation is always in the classical regime. In addition, we also measure the triple-beam correlation which is always in the quantum regime. Such unbalanced and controllable pairwise correlation structures may be taken as advantages in practical quantum communications, for example, hierarchical quantum secret sharing. Our results also open the way for the classification and application of quantum states generated from the cascaded FWM processes. Published by AIP Publishing. https://doi.org/10.1063/1.5000772
Multipartite quantum correlation is of great significance for fundamental research 1,2 and the future development of quantum information technology. 3, 4 This development will need strong quantum correlation for the purpose of high fidelity quantum communications. 5 This development will also require an efficient quantum interface between multipartite quantum light sources and atomic ensembles, which makes it necessary to implement multipartite quantum light sources that match the atomic transitions. 6 The multipartite correlation shows the quantum property of the whole system, while the pairwise correlations (PCs) can be used to better understand the internal structure of a system. They provide a greatly simplified description of complex systems and allow for the analysis of what might otherwise be intractable problems. 7, 8 The relationship between quantum correlation of multiple quantum correlated beams and multi-beam PC remains an open problem. [9] [10] [11] [12] [13] [14] In recent years, four-wave mixing (FWM) processes based on atomic ground state coherence in atomic vapor have been demonstrated to be good candidates for produce quantum-correlated twin beams [15] [16] [17] [18] [19] [20] [21] and therefore have found many interesting applications. [22] [23] [24] [25] [26] [27] [28] Most importantly, the frequencies of the generated beams naturally match with the atomic transitions of atomic ensembles due to the fact that the beams are directly generated from the atomic ensembles. Such natural matching is perfect for the future development of quantum information technology in terms of the efficient quantum interface mentioned above. 6 It is worth noting that the quantum correlation has also been observed recently using the multi-wave mixing process in atomic ensembles 29 or rareearth-doped crystals. 30 Recently, our group theoretically proposed and experimentally demonstrated a method to generate multiple spatially multimode quantum correlated beams based on FWM processes in hot Rb vapor. 31 Under that experimental condition, there does not exist any quantum correlation between any two of the triple-beams. In other words, there is no PC with quantum correlation which has been shown in our previous work. Therefore, the dependence of the PCs on the system operating condition of the cascaded FWM processes is very interesting and worth studying. In this letter, in order to systematically study the relationship between the triple-beam quantum correlation and PCs, we carry out both the theoretical and experimental studies. We use the degree of squeezing (DS) to characterize the degree of quantum correlation of the triple-beams and PCs and study the dependence of the DS on the gain of the FWM process in four cases.
Our scheme uses two parametric amplifiers (PAs) to generate the triple quantum correlation beams as shown in Fig. 1(a) . A coherent probe beam (Pr 0 ) is seeded into a PA (PA 1 ), with a gain of G 1 , where it crosses with a pump beam (P 1 ). The output probe beam is amplified (Pr 1 ), and a conjugate beam (C 1 ) is simultaneously generated. We then pick out one of the [assume Pr 1 as shown in Fig. 1(a) ] twin beams and use it to seed the second identical PA (PA 2 ). This beam is amplified (Pr 2 ) with a gain of G 2 , and at the same time, a new conjugate beam (C 2 ) is generated. The advantage of our system is the phase insensitivity that makes it possible to easily extend our system to a large number of modes, as it does not require relative phase stability between all the parametric amplification processes. In order to better fit the experimental results, we take into account the experimental imperfections, such as the transmission loss and detection loss. The total detection efficiency of the three detectors is denoted by g. The transmission efficiency between the two cells is g int .
Our corresponding detailed experimental layout is shown in Fig. 1(b) . Two identical FWM processes are used as the two PAs for generating quantum correlated triple-beams. An external cavity diode laser (ECDL) is used as our main laser. The ECDL has a linewidth of 100 kHz tuned about 0. respectively. Based on these settings, the initial probe beam (Pr 0 ) is amplified twice, becoming Pr 2 . At the same time, two new conjugate beams (C 1 and C 2 ) are generated. As shown in Ref. 31 , the intensity-difference noise of these triple-beams (C 1 , C 2 , and Pr 2 ) is squeezed compared to the corresponding shot noise limit (SNL) by a factor of 1/ð2G 1 G 2 À 1Þ. These triple-beams are sent to three photodiodes (D 1 , D 2 , and D 3 ), respectively, with a transimpedance gain of 10 5 V/A and a quantum efficiency of 90%. The obtained photocurrents i 1 , i 2 , and i 3 are subtracted from each other to get their subtractions i 3 À i 2 ; i 3 À i 1 ; i 2 À i 1 , and i 3 À i 2 À i 1 by using two radiofrequency subtractors (S 1 and S 2 ). These photocurrents are analyzed using a spectrum analyzer (SA) set to a 30 kHz resolution bandwidth (RBW) and a 300 Hz video bandwidth (VBW), which gives the variances of these photocurrents.
We first record the noise power of photocurrent of i 3 À i 2 À i 1 , which gives the intensity-difference squeezing of triple-beams (DS 321 ) after comparing with its corresponding SNL. We denote both the triple-beam intensity-difference squeezing and the pairwise correlations for the ideal case, the case with the consideration of losses and the case of the experimental results by using a superscript k ¼ 1, 2, and 3, respectively, through the entire paper.
Theoretically, DS 321 of triple-beams for the ideal case is given by DS ð1Þ 321 ¼ 10lg
Taking into account transmission loss and detection loss, it becomes
According to Eq. (2), we can see that DS depends not only on the gain but also on the losses. So, we plot the theory curves for more than one type of loss. 
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From Fig. 2(a) , we can see that the losses can largely affect the value of the DS. According to our experimental measurement, the losses of our system are g ¼ 0:9 and g int ¼ 0:93, and so, we study the dependence of the DS on the gain of the FWM process in this case. In order to better compare the experimental results and theoretical prediction, we separately show the theory curve for the case of g ¼ 0:9 and g int ¼ 0:93 in Fig. 2(b) . Figure 2(c) shows the experimental results of the dependence of DS
321 on G 1 and G 2 . It can be seen that as G 1 and G 2 increase, DS ð3Þ 321 gradually decreases, that is, the intensity-difference squeezing of triple-beams increases. This is because of the fact that although the noise power of any single beam from the quantum correlated triple-beams is amplified by the FWM process, the noise power of i 3 À i 2 À i 1 can return to the original noise level of Pr 0 . Such an enhancement of quantum correlation is good for the future development of a high fidelity quantum communication protocol as mentioned before. The dependence of DS 321 on G 1 and G 2 still shows good agreement between theoretical prediction and experimental results as shown in Figs. 
2(b) and 2(c).
We then investigate the pairwise intensity correlations for any pair of the triple-beams. We subtract i 2 from i 3 and record the noise power, which gives the intensity-difference squeezing (DS 32 ) of beams Pr 2 and C 2 (i 3 À i 2 ) after comparing with its corresponding SNL. PC between Pr 2 and C 2 can be quantified by DS ð1Þ 32 ¼ 10lg
Similarly, the noise power spectrum of i 3 À i 1 gives the intensity-difference squeezing of beams Pr 2 and C 1 (DS 31 ). Therefore, PC between Pr 2 and C 1 can be quantified by
Along this line, PC between C 2 and C 1 can be quantified by
Taking into account transmission loss and detection loss, the three PCs can be quantified by DS ð2Þ 32 ¼ 10lg
21 ¼ 10lg
Figures 3(a), 3(d), and 3(g) show the theory curves with consideration of losses. The one in the same color represents the same case of losses as before, Fig. 2(a) . We can see that the losses can largely affect the value of DS.
In order to generate the intensity-difference squeezing in the FWM process, we usually inject a coherent state into the system. Although the beams Pr 2 and C 2 are generated by seeding the thermal state Pr 1 into the second FWM process, they can still exhibit intensity-difference squeezing when G 2 > G 1 . The amplified noise level of the thermal state Pr 1 is proportional to 2G 1 À 1, and the noise level of the relative intensity difference between Pr 2 and C 2 is inversely proportional to 2G 2 À 1. Therefore, pairwise correlation between the beams Pr 2 and C 2 will depend on the relative value of 2G 1 À 1 and 2G 2 À 1. That is to say, the beams Pr 2 and C 2 show intensity-difference squeezing for G 2 > G 1 . Otherwise, there is no intensity-difference squeezing for G 2 G 1 . Figure 3(b) shows the theoretical results of the dependence of DS difference squeezing, and the intensity-difference squeezing is inversely proportional to 2G 1 À 1. The noise of the beam Pr 1 is further amplified after the second FWM process and becomes the beam Pr 2 , and the noise level of beam Pr 2 is proportional to 2G 2 À 1. Therefore, if the intensitydifference squeezing of the beams Pr 2 and C 1 is to be observed, the condition G 2 ( G 1 should be satisfied. Such a condition is equivalent to make the first FWM dominate the whole cascaded FWM processes or make the amplification effect of the second FWM negligible. In this way, the beams Pr 2 and C 1 will share quantum correlation. Due to the fact that DS 21 ! 0 is always satisfied and shows no quantum correlation, it would be interesting to compare the two pairwise correlations DS 32 and DS 31 which can be possibly operated in the quantum regime. Figure 4(a) shows the theoretical prediction for both DS Figure  4 (b) shows the corresponding experimental results. Based on these results, it can be clearly seen that there is no overlap between DS 32 and DS 31 . In other words, beam Pr 2 cannot be simultaneously quantum correlated with beams C 1 and C 2 . It can be explained by the competition between the correlation mechanism and the decorrelation mechanism. As shown in Fig. 1(a) , first, for the PC between beams C 1 and Pr 2 , obviously, cell 1 will provide the correlation between them and cell 2 will destroy their quantum correlation by adding extra vacuum noise, and thus, cell 1 and cell 2 can be viewed as the correlation mechanism provider and the decorrelation mechanism provider respectively; thus, we can increase G 1 and decrease G 2 to enhance the PC between beams Pr 2 and C 1 . Second, for the case of the PC between beams Pr 2 and C 2 , 
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Wang et al. Appl. Phys. Lett. 112, 034101 (2018) cell 1 will generate a thermal state Pr 2 which will destroy their quantum correlation by adding extra vacuum noise into the system, while cell 2 will make them quantum correlated through the FWM process. In this case, cell 1 and cell 2 can be viewed as the decorrelation mechanism provider and the correlation mechanism provider, respectively, and thus, we can decrease G 1 and increase G 2 to enhance the PC between beams Pr 2 and C 2 . Finally, the complete opposite dependence of the PC between beams C 1 and Pr 2 and the PC between beams Pr 2 and C 2 on the gains leads to the nonoverlapping between DS 32 and DS 31 . Such a phenomenon may be useful for quantum secret sharing networks, in which the three generated beams from our cascaded FWM process are the three nodes of the quantum network, respectively. The pairwise correlation of any pair of the three beams is the edges of the quantum network. Our results show that the pairwise correlations can be manipulated by tuning the gains of the cascaded FWM process. As a result, the three nodes are hierarchical. Among them, node Pr 2 can be quantum correlated with the other two nodes C 2 and C 1 , respectively, but cannot be quantum correlated with them at the same time. The other two nodes C 2 and C 1 cannot be quantum correlated with each other. In some gain region, all the three pairwise correlations are in the classical regime without any quantum correlation. These results are mainly due to the asymmetric structure of our cascaded FWM processes, which directly leads to the asymmetric roles of the generated three beams. Such unbalanced and controllable pairwise correlations are actually useful for secure quantum communication in which participants should have different levels of authorities for secure purposes. In this sense, such unbalanced and controllable pairwise correlation structures may be taken as advantages in practical quantum communications, for example, hierarchical quantum secret sharing.
In conclusion, we have theoretically characterized and experimentally measured the performance of the pairwise correlations from the triple quantum correlated beams and analyzed the dependence of all the PCs on the system intensity gains based on two different cascaded FWM processes. The cascaded FWM process produces triple-beams which can always remain in the quantum regime (DS 321 < 0 is always satisfied). However, the PC of any pair of the triplebeams is not always in the quantum regime. We have found that two of them (Pr 2 and C 2 ; Pr 2 and C 1 ) can be transformed from the classical regime to the quantum regime by changing the system intensity gains. More interestingly, their quantum regions of system intensity gains are not overlapped. The PC of beams C 1 and C 2 is always in the classical regime, showing that there is no quantum correlation between C 1 and C 2 for the whole gain regions. Our results open the way for the classification and application of quantum states generated from the cascaded FWM processes.
